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for the wave front is derived to carry out stability analysis of trans-
verse perturbations, which discloses mechanism of pattern forma-
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the dynamics of wave fronts.
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1. Introduction

Reaction-diffusion systems such as chemical reactions or electrical action potential propagation in
cardiac tissue exhibit a variety of spatiotemporal patterns due to the coupling of non-linear reaction
kinetics and diffusion of species [1]. One of the most prominent chemical systems is iodate-ferrocy-
anide-sulfite (FIS) reaction, where rich patterns, such as labyrinthine, spot replication, and spiral wave
turbulence, have been observed in numerical simulations and experiments [2]. FIS is a typical bistable
RD system, which is composed of two states in different regions separated by front structures (called
interface) across which the chemical concentrations change sharply. The global behaviour of pattern
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formation strongly depends on the fronts’ inner structure [3]. Two front instabilities in bistable sys-
tem, an instability to transverse perturbations and a non-equilibrium Ising-Bloch (NIB) front bifurca-
tion [4], have been developed to explain formation of complex patterns. With the fast-inhibitor limit, a
non-local contour dynamics model [5,6] for interface motion has been developed in two-dimensional
isotropic bistable system to study pattern evolution far beyond the linear instability of localized states.

A realistic media is often anisotropic, which may be induced by intrinsic inhomogeneity of media
[7]. Some novel phenomena unobservable in isotropic systems, such as reaction diffusion waves with
sharp corners [8], and traveling wave fragments along a preferred orientation and stratified spatio-
temporal chaos characterized by strong correlations along principal direction [9], have been discov-
ered in anisotropic media. For an anisotropic bistable media, the normal velocity of chemical wave
depends on its propagation direction. A constant anisotropic diffusion coefficient tensor can be easily
removed from the reaction diffusion equation by rescaling the spatial coordinates, while a complex
anisotropy, such as state-dependent anisotropy, cannot be eliminated by such transformation. Re-
cently, a general anisotropy expression [7,10] is absorbed to two-dimensional RD system, which is
similar to that in crystal growth [11,12]. This method effectively characterizes the effects of anisotropy
on the pattern formation and can be used to predict the anisotropy induced new chemical wave pat-
tern formation such as polygon-shaped patterns (typical triangular, rectangular target wave and spiral
wave [13-16]) and then study related dynamical mechanism.

The FitzHugh-Nagumo (FHN) models considering anisotropy are adopted as follows [7]:

8tu:DuV-{%83iu [|Vu|2y2(v)]}+eu(ufu3 — ) "

ov=D,V*v+e,(u—av—ap)

where u and v represent the activator and the inhibitor. The homogenous function y(iv) = Ay(v) is
dimensionless anisotropy function with v = Vu/|Vu|. For the classical diffusion tensor D, y can re-

duce to |Vu|y(v) = \/[Vu]" - D - [Vu] so that Eq. (1) can be reduced to the classical anisotropic model.
Many interesting patterns, such as lamellar, hexagonal, spherical [17] and knotted labyrinthine pat-
terns [18] have been observed in 3D isotropic system. Although isotropic 2D bistable media described
by Eq. (1) has been extensively investigated, the pattern formation in 3D bistable system, particularly,
considering the effects of anisotropy, has been less studied so far. The purpose of this paper is to inves-
tigate the dynamics of chemical front in 3D anisotropic bistable media. An equation of motion for the
wave front is firstly derived so that stability analysis of transverse perturbations is discussed and the
effects of anisotropy on wave propagation are studied. It is found that sufficiently strong anisotropy
can induce dynamical instabilities and lead to breakup of the wave front. With the fast-inhibitor limit,
the bistable system can be described by a variational dynamics so that the boundary integral method
[5] is adopted to study the dynamics of 3D wave fronts, which results in an fully non-local and an
approximate local interface motion dynamics equations.

2. Velocity curvature relation and transverse instability of planar fronts
By setting t = ¢,t and x = \/¢,/D,x, Eq. (1) can be expressed as dimensionless form as

o=V - {305 VPP )] b+ 6w -1 - 0)

ov=V*v+WU—-av-a)

: @)

where g =D,/D, denotes ratio between diffusion coefficient of (u,2); ¢ = ¢,/¢, characterizes the time
scales associated with evolution of u and v; a; and ao are prescribed proper values for a bistable media
with a double well structure. A singular perturbation approach is adopted to obtain velocity-curvature
relations, which is valid for the small parameter u = \/¢/f < 1. It is convenient to introduce a local
moving orthogonal coordinate system

r=R(&, &,t) +res(¢', &), 3)
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where, r is the position vector of a point near the wave front, R represents the position of the wave
front, e; is the unit normal vector of the interface, and & (i = 1,2) is corresponding to arc length along
the principal curvatures of the interface. Then the unit tangent vectors of the interface are given as
e; = 0.R. The derivatives of the normal vector are described as 9..e;3 = K;e;, where r; is the principal
curvatures of the interface. Another coordinate on the interface can be obtained by 9.:{' = x;, which
will be convenient for following derivation. It is now easy to describe the local moving orthogonal
coordinate basis vectors in

n=0r=e; ea=0ar=(1+rK1)€;, en=0ar=(1+rK2)€s5 (4)
For u=+/¢/p < 1, the narrow regions along the normal to wave front, where 9,u~ O(x') and
0yv ~ 0(1), are considered as fronts’ inner regions, while both d,u and 9,v are of order unity in outer

regions. The dynamics in the inner regions is studied by introducing a stretched normal coordinate
p =r/u, with corresponding expansions

u(r, &, t) = uQ(p, &) + pu (p, &, t) + pPu®(p, E ) + -,

) . . ) 5
U(T,él,t): V(O)(p,fl,f)+ﬂy(l)(p7é',t)+,U21/<2)(p7§17t)+~~~ ( )

The time derivative now becomes
Ot = 0u® — V,0,u® + E9.u® + 0(p), (6)

where & = 9,¢" and V,, = —9,p is the front velocity in a direction normal to the wave front. It is easy to
find that

Vu nulo,u+e.d.u

d:iu
_ A S S 2
Vul g io,u+ e 0. “”’”ap +00), )

where we assume that upo) < 0 (see Eq. (13)). Then we can obtain the relation

Vu - -
= Vs (= ) = 10,0 + 1710,u0,0,5 + O(1), ®)

where § = j(n). We assume A = A,n + A.e., which satisfies

- {2}

Comparing Eq. (8) with Eq (9), one can find by
- - 1, .
A, = W 'P*o,u +5 a 20U+ 0(u) = p'P?0,u® + 7 o,ul +§6;(-y283u(°) +0(u)
A= zu*ag,-w}za,,u +0(1) = jufla,,u%;mpz +0(1). (10)
The expansion of the diffusion term is finally described by

1 1
V-A= ’]<8A +A—0 )Jr(a;iA:er—A!f@;x )
u pfp VB Ve aha g V8

= 1 2920,,u® + u19?9,uM + u’laﬂzapgu@ +u!
+0(1), (11)

where we have used /g = 1+ {p(k1 + K2) + O(u?). The expansion of reaction term is given by
U—1—v= [u<°> ~ Oy v}"ﬂ + [l = 3 + pof + o). (12)

(K1 + Kz)";)z +%aiigi'}~)2 Bpu“))

The leading order stationary wave front solution is found by

u® = _tanh (}%) " =0. (13)
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The first order solution is given by

.. N N 1 -
L = = Vad,u® + E0.u° + vf) — 9,720,,u” — | (k1 + K2)7? + iagg,-yz ou®, (14

where L = 720, + [1 — 3(u®)?). Since Lu? = 0, Eq. (14) must satisfy the solvability followed by:

400 +oo +oo ..
nvn/ 0,u®)’dp :/ v}8pu(°>dp+/ n(0:u + &0,u)o,udp
+0o0

-4 q0u| [ @0 ap

—00

- Lo Vf (8(;‘_(;)2@}. (15)

According to Eq. (13), Eq. (15) can be reduced to

n _7\FT/171/f*(571ﬂ”;'(K1 +K2) + Vani)s (16)
where V, = uGC,, v}” = pvy +0(u?), 1=+ and Jau = K197 + K20227. For outer regions, the
relation between vy and C, [9] also can be found by

v = — Chp+ K1+ K _@, (17)

2
¢\/(Cot K+ 12) +4g2

where ¢ = a; + 1/2. An implicit relation between the normal velocity of the front and its curvature is
therefore deduced from Egs. (16) and (17) by

P - 39 Ch+Ki+K a
Co+ B 901 + K2) + Tani] = — 1T 0

2
2 qz\/(Cn +r k) 42 1

(18)

Eq. (18) can be reduced to 2D case with x; = 0 [7]. For j = const, 4, = 0 is corresponding to isotropic
case.

A bistable media with two stationary and uniform stable states, an up state (u., .) and a down state
(u_,v_), is connected by front solutions. In the symmetric system (aq = 0), the planar fronts (x;=0)
solutions are obtained from Eq. (18) with a single front (called “Ising” front) solution as Cy =0, and
a pair counter-propagating fronts (called Bloch fronts) solutions as Co = +2qn~'\/y2n2 — 2 for
1 < 71, where 1. = 3/(2v2q?). The threshold of the NIB bifurcation (denoting transition between
wave fronts) is found by 7% = 1,7(1 — a3’*)*/>. An “Ising” front will lose stability to a pair of “Bloch”
fronts when # changes from # > 7. to 1 < 5. [9]. For asymmetric system (g # 0),Co is determined by

Co= 3—? _ G + a—g .
V2@ G ag O
For a weakly curvature interface (k; < 1), Eq. (18) can be expanded in powers of the curvature by
Co=Co=3[(B75 = )+ B 07|11 = 7[(B77 = 1) + B 022712 + O(i2). (20)

-3/2
where y = 6\/211’1 (Cé + 4q2) and G is given by Eq. (19). For the isotropic case (8&1“} = 8;2:2“} =0),
the threshold of transverse instability occurring in front solution satisfies the relation 8y =y, which is
similar to that in 2D case. The effects of the anisotropy have been studied in 2D system (x5 = 0) [7].
However, the effects of the anisotropy perform more complex in 3D system. A spherical coordinate
(R,0, ), where we assume x; =R, is adopted to obtain an equation of threshold of transverse by

(19)

2By = 27 + D) + €Ot 007 + Sin "2 00,7 2
( pp
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It is noted that the left-hand side of Eq. (21) is always positive while it is hard to make sure that the
right-hand side of Eq. (21) is positive, which depends on the choice of . For a simple anisotropy form

D = diag{d,,d,,d,}, one can find ) = \/dx sin’ 0 cos? ¢ +d, sin? 0 cos? ¢ + d, cos? 0. In such choice of y, it
is easy to demonstrate that the right-hand side of Eq. (21) is always positive. According to Eq. (21), the
value of By changes in different directions, which can be used to obtain NIB bifurcation and planar
front transverse instability boundaries in the parameters space (8,¢) for all the directions. However,
for a complex anisotropy, such as d, is not constant and changes in directions [8], the right-hand side
of Eq. (1) may become negative, which indicates that the propagation of chemical wave fails in the
whole parameters space (f,¢). It is noted that the instability of the propagation of chemical wave
firstly occurs in the directions where the right-hand side of Eq. (1) is negative, which has been dem-
onstrated in 2D case [7].

3. Non-local contour dynamics for interface with the fast-inhibitor limit

In the fast-inhibiter limit, D, — oo with ¢,/D, finite, Eq. (1) are rewritten as
_ A 2,2 3
du = DV {283,“ [|Vu| y (v)]}+8u(u w - v) 2
Vv —av=—(u—dap)

with dimensionless transformation t = t, x = \/¢,/D,x and D = D, &,/D,. Eq. (22) can be expressed in a
variational form [7]

oF
Ol = S0 (23)
and Lyapunov energy F is given as
F— / dsr[g IVu?9%(v) + Uo(u) + Uy (u)} +%“ / / Prd*rur)Gu(r), (24)

where Ug(u) = u*/4 —u?/2, U, (u) = &,(u*/4 — u?/2 + apw*u) — Up(u), and 3D Green’s function satis-
fies the relation

(V-0 ?)G=-83@r-r), (25)

where G = (47R) 'exp(—w 'R) with R = [r — r’| and @ = a;"’*. The right-hand term of Eq. (23) is de-
scribed by a variational form while the left-hand term is not in such form. A complete description
by variational form may be
OR  OF
our ou
where R = [ d’ru?/2.

In order to obtain a contour dynamical equation for wave front motion described by Eq. (26), we
consider a bistable media composed of a single island of u;, =1 surrounded by an infinite sea of
Uoy = 0. The interface of the island is determined by a hyperbolic tangent profile according to Eq.
(13). From Eq. (24), it is noted that the chemical front motion is determined by the non-local Lyapunov
energy, which is partitioned into three contributions F=F; + F, + F: an effective line tension, a pres-
sure, and a non-local coupling force between fronts, particularly, described as follows. The contribu-
tion of effective surface tension is significant only in the neighborhood of the wave front where |Vu| is
non-negligible.

. +oo
Fi= | a%[gwuﬁy%v)wo(u)] ~ [@movupw =p [ [ dsdrouy
—oo S

— 3 [ dsh (27)

where u = — tanh (r/«}\/ZDs;l) with corresponding to Eq. (22), and y, = v/2Dg, /3 is effective surface
tension for the isotropic case. We have used the asymptotic result that near interface
Uo(u) ~ 2|Vu|*y2(v). The contribution of pressure is proportional to the island volume

(26)
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F,= / d*rUs (u) = [Uy(1) — U (0)] /V d’r (28)
According to Eq. (25), the contribution from the interaction of fronts can be reduced to
Fy = / /d3rd3rc /d3rd3r{w V2G4 8 — 1))}
b /d3rf““’ /dS/dS/n-n’G, (29)
2 14 2 S S

where we have used |, d*rvc = Jov dSnG and V3G = -V, - VuG. Substituting Eqs. (27)-(29) to Eq.
(24), one can obtain

3 N A
F:Ap/dr+y0/d5yf : /ds/dSn-nc, (30)
14 S S S

where Ap = U;(1)-U;(0) + £,0?/2 represents an effective pressure. In terms of Eq. (6), an asymptotic
result is u, = —(ryn)o,u for wave front local moving coordinates such that

- / ds(r, - n)? (31)

Egs. (30) and (31) indicate that both F and R can be transformed as wave front (r and r;) function. A
heuristic translation of Eq. (26) into variational function considering wave front may be
OR oF

n- - —n-g (32)

Substituting Egs. (30) and (31) to Eq. (32) (see Appendix A), a non-local contour dynamics equation for
interface motion with the fast-inhibitor limit is finally given as

Dy 1 1€ [(r—r)Ae] dG
r,-n= To {Ap+/OA/ &4 /dS —|r T R [’

(33)

where Ay = J(1 + K2) + Yani (See Appendix A).

For wk; < 1, an approximate local dynamics [5] based on Eq. (30) can be found. It is noted that the
contribution to the double integral in Eq. (30) is mainly from the domain |r — r'| < ® so that it is first
approximately evaluated by r integral over the whole tangent plane of interface

/S ds /S dSn - n'G = % /S ds {1 —%wz(wz —K)+ O((w;c,-)“)}, (34)

where H = (kK + k3)/2 is the mean curvature and K = ik, is the Gaussian curvature (see Appendix B).
Substituting Eq. (34) to Eq. (30), one can obtain

F= AD/ &r+ / dS[(7o7 — 270) + 7.’ BH* ~K)), (35)
v S

where 7. = £,3/8. An approximate local dynamics is obtained by the functional derivative of F (see
Appendix A)

r-n=— % [Ap + 7oA — 4y.H + 3y.0?(AsH + 2H? — 2HK)], (36)
0

where the effective surface tension can be considered as y,Ay — 4y.H. A linear stability analysis of
sphere shape is easily obtained according to Eq. (36). Comparing Eq. (18) with Eq. (36), one can find
that the form of the term for anisotropic surface tension is equal. It is noteworthy that the last terms at
right-hand side of Eq. (36) is derived from H? (See Appendix A or detailed in Ref. [19]). Eq. (36) is sim-
ilar to a geometrical model [20] developed to describe the interface evolution, where an additional
curvature dependent energy H? is absorbed to surface energy.
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4. Conclusion

In summary, the present paper has investigated dynamics of chemical front in 3D bistable media
with anisotropy constructed by means of anisotropic surface tension. A velocity curvature relation
for 3D chemical fronts has been obtained and transverse instability of planar fronts was studied. Par-
ticularly, the effects of anisotropy on chemical wave propagation have been demonstrated, such as
sufficiently strong anisotropy would induce the dynamical instabilities and lead to breakup of the
chemical wave. We also obtained two equations regarding anisotropy for 3D case, a fully non-local
interface motion equation and an approximate local interface motion equation, by means of the
boundary integral method. Possible extensions include studying spatial inhomogeneous anisotropy,
and the applications of these methods to electrical action potential propagation in anisotropic 3D car-
diac tissue (excitable media). The notation of anisotropy function can also be extended to study the
influence of anisotropy on dynamics of interface in Type-1 superconductors, magnetic fluids or Lang-
muir monolayer [5,21].
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Appendix A

Here we give the functional derivatives from Eqgs. (33) and (36) by using the Euler-Lagrange equa-
tions. We firstly assume Jr = nor. Then it is noted that relations

8(dS) = 2HsrdS, om = —Vor, (A1)
where V = €0, It is easy to obtain the volume and surface derivation
5 / Pr = / dsor, / ds — / dS2Hor. (A2)
Jv Js Js Js

The functional derivatives of Fy can be given as

/ dsn' - nG — / dS[ny’ - (Gon + noG) + ' - nG(V; - n)or]
:/dS[n’~(—GV55r+néc)—n~(VSn’~nG)5r] :/dSn’~(5rVSG+n56)
S S
1 dG )
:/dS‘r r] dR " {(r—-r)-Via+[(r—r) nn}or

“(r—r) B -r)Aej] dG
/dS - ar / gsf2 T =T)ne - RO (A3)

where we have used the surface divergence theorem regardmg closed surfaces. Before carrying out the
functional derivatives of F;, we firstly note

6y(m) = y(n+én) — p(n) = —Vor - VY, (A4)

where Vy = e;0.. Then we can obtain
5 / dsy — / dS[= V557 - Ve + 7(Vs - n)or] = / dS[-V,or - (Ve + 1) + Vs - (nor)]
S S S
_ / dS[Vs - (Vs + nj)]or — / dSV, - (Vs +n7)or] = / dS[V, - (Vo7 + n)|or
JS JS JS

- / A fans + (161 + 27T (A5)
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The functional derivatives from Eq. (36) can be found in Ref. [19]

B / dS(3H?* —K) = / dS3(AsH + 2H? — 2HK)or. (A6)
S S

Appendix B

Following the method as developed in Ref. [22], a local coordinate for the interface, with the z axis
parallel to the normal n, x and y along the principal curvatures in the tangent plane, is firstly described
as

Z(x,y) :%(MXZ +K2)%). (B1)

Then the element of the interface area is dS = \/gdxdy with g = 1 + x2x? + k3y?. It is easy to obtain
n -n=_g"2 The tangent plane is also described by polar coordinates with x=r cos¢ and x =r sin0.
Thus, F;is first approximately evaluated by r integral over the whole tangent plane

2n +o00 r
dS’n’~nG:/dxd G:/ / dodr———exp (—w V12 + 22
/5 s Y 0 0 AT\ 12 + 22 P ( >

2n 400 2
:%/O /O d0dr<1—%(1+wr)>exp(—wr)+0((wrc,—)4)

_ % {1 - %wz(w - 1<>} +O((@ri)"). .
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